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ALMOST ALL STANDARD LAGRANGIAN TORI IN Cn
ARE NOT HAMILTONIAN VOLUME MINIMIZING
HIROSHI IRIYEH AND HAJIME ONO
Abstract. In 1993, Y.-G. Oh proposed a problem whether stan-
dard Lagrangian tori in Cn are volume minimizing under Hamil-
tonian isotopies of Cn. In this article, we prove that most of them
do not have such property if the dimension n is greater than two.
We also discuss the existence of Hamiltonian non-volume minimiz-
ing Lagrangian torus orbits of compact toric Ka¨hler manifolds.
1. Introduction
In his two famous papers [6] and [7], Y.-G. Oh introduced the notions
of Hamiltonian minimality, Hamiltonian stability and Hamiltonian vol-
ume minimizing of Lagrangian submanifolds. First of all, let us review
these definitions. Let (M,ω, J) be a Ka¨hler manifold. A submanifold
i : L→ M is called Lagrangian if i∗ω = 0 and dimR L = (1/2) dimRM .
This condition is equivalent to the existence of an orthogonal decom-
position
Ti(p)M = i∗TpL⊕ J(i∗TpL)
for any p ∈ L. Throughout this article all Lagrangian submanifolds are
assumed to be connected, embedded, closed (i.e., compact and without
boundary) and equipped with the induced Riemannian metric from
the ambient manifold M . We denote by Vol(L) the volume of L with
respect to the metric. Then we have the linear isomorphism defined by
Γ(T⊥L) ∋ V 7−→ αV := i∗(ω(V, ·)) ∈ Ω1(L),
where T⊥L denotes the normal bundle of the embedding i and Ω1(L)
the set of all one-forms on L.
A variational vector field V ∈ Γ(T⊥L) of i is called a Hamiltonian
variation if αV is exact. It implies that the infinitesimal deformation
of i with the vector field V preserves the Lagrangian constraint.
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Definition 1 (Oh [7]). A Lagrangian embedding i : L → (M,ω, J) is
said to be Hamiltonian minimal (H-minimal) if it satisfies
d
dt
Vol(it(L))
∣∣∣
t=0
= 0
for any smooth deformation {it}−ǫ<t<ǫ of i = i0 with a Hamiltonian
variation.
We can easily check, using the first variation formula (see [7, p. 178]),
that i : L→M is H-minimal if and only if the equation δαH = 0 holds
on L, where δ and H are the codifferential operator on L and the mean
curvature vector of L, respectively. Next, we explain the notion of
Hamiltonian stability of H-minimal Lagrangian submanifolds.
Definition 2 (Oh [7], [6]). Suppose that a Lagrangian embedding i :
L→ (M,ω, J) is H-minimal. Then i (or Lagrangian submanifold L) is
said to be Hamiltonian stable (H-stable) if it satisfies
d2
dt2
Vol(it(L))
∣∣∣
t=0
≥ 0
for any smooth deformation {it}−ǫ<t<ǫ of i = i0 with a Hamiltonian
variation.
Let us now consider the linear complex space Cn endowed with the
standard symplectic structure ω0 := dx1 ∧ dy1 + · · · + dxn ∧ dyn and
the standard complex structure. The Lagrangian torus
T (b1, . . . , bn) := S
1(b1)× · · · × S1(bn) ⊂ Cn
is a typical example of Lagrangian submanifolds of Cn and called a stan-
dard or elementary torus. Here S1(b) ⊂ R2 ∼= C denotes the boundary
of a round disc with area b centered at the origin, i.e., the radius of
S1(b) is
√
b/pi. Using his second variation formula [7, Thorem 3.4], Oh
proved the following
Theorem 3 ([7], Theorem 4.1). The torus T (b1, . . . , bn) ⊂ Cn is an
H-minimal and H-stable Lagrangian submanifold.
Based on this result, Oh proposed the following conjecture.
Conjecture 4 (Oh [7], p. 192). The Lagrangian torus T (b1, . . . , bn) in
Cn satisfies
Vol(φ(T (b1, . . . , bn))) ≥ Vol(T (b1, . . . , bn))
for any φ ∈ Hamc(Cn, ω0).
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A Lagrangian submanifold of M with this property is said to be
Hamiltonian volume minimizing. A symplectic diffeomorphism φ of
(M,ω) is called Hamiltonian if φ is the time-one map of the flow
{φtH}, φ0H = idM , of the Hamiltonian vector field XHt defined by a
compactly supported Hamiltonian function H ∈ C∞c ([0, 1]×M). The
isotopy {φtH}0≤t≤1 is called a Hamiltonian isotopy ofM . We denote the
set of all compactly supported Hamiltonian diffeomorphisms of M by
Hamc(M,ω). Note that a (time-independent) Hamiltonian vector field
on M gives rise to a Hamiltonian variation of a Lagrangian embedding
i : L→ M .
Conjecture 4 is false for n ≥ 3. Indeed, C. Viterbo has already
pointed out that T (1, 2, 2) and T (1, 2, 3) are Hamiltonian isotopic, but
the first has volume 16pi3/2 and the second 8
√
6pi3/2 (see [10, p. 419]).
Therefore, the second one is not Hamiltonian volume minimizing. This
fact is a consequence of a result by Chekanov [3, Theorem A] concerning
symplectic topology of the Lagrangian tori (see Section 2).
The first result of this article is that almost all standard tori are not
Hamiltonian volume minimizing. Before we state it we prepare some
notations. Consider the standard action of the complex torus (C×)n on
Cn. Then the action by the real torus T n ⊂ (C×)n on it is Hamiltonian
and its moment map µ0 : C
n ∼= R2n → (R≥0)n is given by
µ0(x1, . . . , xn, y1, . . . , yn) =
(
1
2
(x21 + y
2
1), . . . ,
1
2
(x2n + y
2
n)
)
.
Notice that a standard torus T (b1, . . . , bn) in C
n is represented by
µ−10 (b1/2pi, . . . , bn/2pi).
Theorem 5. Suppose n ≥ 3 and we denote by Dn the open dense
subset of (R>0)
n defined as follows:
(a1, . . . , an) ∈ (R>0)n
∣∣∣ There exists (i, j, k) ∈ Z3 such that1 ≤ i < j < k ≤ n and
(ai − aj)(aj − ak)(ak − ai) 6= 0

 .
Then for any a = (a1, . . . , an) ∈ Dn there exists a′ ∈ (R>0)n satisfying
the following two properties:
(1) φ(µ−10 (a)) = µ
−1
0 (a
′) for some φ ∈ Hamc(Cn, ω0).
(2) Vol(µ−10 (a)) > Vol(µ
−1
0 (a
′)).
In particular, a Lagrangian torus µ−10 (a) is not Hamiltonian volume
minimizing in (Cn, ω0).
We use the Chekanov’s theorem to prove this result (see Section 2).
In general, Darboux’s theorem says that any point in a symplectic
manifold (M,ω) possesses a neighbourhood which is isomorphic to a
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neighbourhood of the origin of (Cn, ω0). Then Chekanov’s theorem
ensures any symplectic manifold the existence of a pair of Lagrangian
tori which are mutually Hamiltonian isotopic and not intersect. Fur-
thermore, in the class of compact toric symplectic manifolds, we can
regard Theorem 5 as a local model of a T n-fixed point of such a mani-
fold. This observation yields an interesting application. From now on,
let (M,ω, J) be a complex n-dimensional compact toric Ka¨hler man-
ifold, i.e., M admits an effective holomorphic action of the real torus
T n which is Hamiltonian with respect to the Ka¨hler form ω. Its mo-
ment map is denoted by µ : M → ∆ = µ(M) ⊂ Rn. We may assume,
without loss of generalities, that the moment polytope ∆ satisfies
∆ = {a ∈ (R≥0)n | lr(a) := 〈a, µr〉−λr ≥ 0, λr < 0, r = n+1, . . . , d},
where each µr is a primitive element of the lattice Z
n ⊂ Rn and inward-
pointing normal to the r-th (n−1)-dimensional face of ∆. The interior
of ∆ is denoted by ∆◦. It is known that each fibre µ−1(b), b ∈ ∆◦, is
a Lagrangian torus and H-minimal (see [8, Proposition 3.1]). Then we
obtain
Theorem 6. Let (M,ω, J) be a compact toric Ka¨hler manifold equipped
with the moment map µ : M → ∆ ⊂ Rn which is specified as above.
Assume that dimCM = n ≥ 3. Then for any a ∈ Dn there exists a
constant ca > 0 satisfying the following properties: For any c ∈ (0, ca)
(1) ca, ca′ ∈ ∆◦,
(2) φc(µ
−1(ca)) = µ−1(ca′) for some φc ∈ Ham(M,ω),
(3) Vol(µ−1(ca)) > Vol(µ−1(ca′))
hold, where the vector a′ ∈ (R>0)n is the one given by Theorem 5.
In particular, for any a ∈ Dn the Lagrangian tori µ−1(ca), c ∈
(0, ca), are not Hamiltonian volume minimizing in M .
A proof of Theorem 6 is based on Theorem 5 and given in Section
3. It gives a remarkable consequence in the case of complex projective
space CP n endowed with the standard Fubini-Study Ka¨hler form ωFS.
Let us review the following
Proposition 7. A Lagrangian torus T n1×· · ·×T nk in (CP n1, ωFS, J)×
· · ·×(CP nk , ωFS, J) is H-minimal and H-stable, where each factor T ni ⊂
(CP ni, ωFS, J) is a Lagrangian torus orbit with the induced flat metric
from CP ni.
Note that Proposition 7 is proved in [8, Section 4] only in the case
where k = 1, 2, however, its proof is easily extended to the general case.
Combining it with Theorem 6 we obtain
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Corollary 8. There exist infinitely many Lagrangian tori T n1 × · · · ×
T nk in (CP n1, ωFS, J)× · · · × (CP nk , ωFS, J) which are H-minimal and
H-stable but not Hamiltonian volume minimizing if n1 + · · ·+ nk ≥ 3.
In particular, Conjecture 1.4 in [8] is false for n ≥ 3.
2. Chekanov’s Theorem and the proof of Theorem 5
Let L and L′ be Lagrangian submanifolds of (Cn, ω0). Then L is said
to be Hamiltonian isotopic to L′ if there exists φ ∈ Hamc(Cn, ω0) such
that φ(L) = L′. For a standard torus L = T (b1, . . . , bn), we define the
following three invariants:
s(L) := min
i
(bi), ms(L) := #{i | bi = s(L)},
Γ(L) := spanZ(b1 − s(L), . . . , bn − s(L)) ⊂ R.
These invariants are sufficient to determine whether given two stan-
dard tori are Hamiltonian isotopic or not.
Theorem 9 (Chekanov [3]). For standard tori L and L′ of (Cn, ω0),
L is Hamiltonian isotopic to L′ if and only if
s(L) = s(L′), ms(L) = ms(L′), Γ(L) = Γ(L′)
hold.
Using it we shall prove our main theorem.
Proof of Theorem 5. It suffices to consider the case where a1 ≤ a2 ≤
· · · ≤ an, because L := µ−10 (a1, . . . , an) and µ−10 (aσ(1), . . . , aσ(n)) are
Hamiltonian isotopic and have the same volume for any permutation
σ. By assumption, there exists indices k, l ∈ {1, 2, . . . , n − 1} (k < l)
such that
a := a1 = · · · = ak < ak+1, b := al < al+1 =: c.
Let us first suppose that (c−a)/(b−a) ∈ Q. We represent it as q/p,
where p and q are coprime positive integers. Then there exist integers
M and N satisfying Mp +Nq = 1, and hence(
M N
M − q N + p
)
∈ SL(2;Z).
Let (
b′
c′
)
:=
(
M N
M − q N + p
)(
b− a
c− a
)
+
(
a
a
)
.
Since p ≥ 1, we obtain
b′ = c′ =
b− a
p
+ a ∈ (a, b].
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Here we put a′ := (a1, . . . , al−1, b′, c′, al+2, . . . , an) and consider an-
other standard torus L′ := µ−10 (a
′). Then we have s(L) = s(L′) =
2pia, ms(L) = ms(L
′) = k and Γ(L) = Γ(L′). By Theorem 9, L is
Hamiltonian isotopic to L′. Moreover, b′c′ < bc yields
Vol(L) = (2pi)n
n∏
i=1
ai > (2pi)
n b
′c′
bc
n∏
i=1
ai = Vol(L
′).
Therefore L is not Hamiltonian volume minimizing.
Now we are going to the case where (c − a)/(b − a) 6∈ Q. It is
represented by the binary notation;
c− a
b− a =
∞∑
i=0
2−imi, m0 ∈ N, mi ∈ {0, 1} for all i ≥ 1.
Since (c− a)/(b− a) is an irrational number, there are infinitely many
indices k such that mk = 0 and mk+1 = 1. We fix such an index k and
set
k∑
i=0
2−imi =
k−1∑
i=0
2−imi =:
q
p
,
∞∑
i=k+1
2−imi =: r,
where p and q are coprime positive integers. Then we obtain
c− a
b− a =
q
p
+ r, 1 ≤ p ≤ 2k−1 and 0 < r < 2−k.
Next, let (M0, N0) be a pair of integers satisfying M0p + N0q = 1.
Then all solutions (M,N) ∈ Z2 of the equation Mp+Nq = 1 are given
by (Ml, Nl) := (M0 + lq, N0 − lp), l ∈ Z.
Lemma 10. There exists l ∈ Z satisfying
(2.1) 0 < Ml(b− a) +Nl(c− a) < b− a
2
and
(2.2) 0 < Ml(b− a) +Nl(c− a) + pr(b− a) < b− a.
Proof. Notice that
Ml(b− a) +Nl(c− a) = b− a
p
(Mlp+Nl
c− a
b− ap) =
b− a
p
(1 +Nlpr).
Since Nl has period p and 1 +Nlpr is irrational for each l, there exists
l ∈ Z such that
0 < 1 +Nlpr < p
2r
holds. For such l, we have
0 < Ml(b− a) +Nl(c− a) < pr(b− a).
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Since 0 < pr < 1/2, (2.1) holds, and it immediately yields (2.2). 
Finally, for the integer l in Lemma 10, if we put(
b′
c′
)
:=
(
Ml Nl
Ml − q Nl + p
)(
b− a
c− a
)
+
(
a
a
)
,
then we can easily verify that
a < b′ <
b− a
2
+ a < b, a < c′ < b < c.
The rest of the argument is completely same as the case where (c −
a)/(b− a) is rational. 
3. The case of toric Ka¨hler manifolds
In this section, we keep all notations as in Section 1. For a com-
plex n-dimensional compact toric Ka¨hler manifold (M,ω, J), the point
µ−1(0) ∈ M is a fixed point of the (C×)n-action. By the construc-
tion, there exists a toric affine neighbourhood U of µ−1(0) such that
(U, µ−1(0)) is isomorphic to (Cn, 0) as (C×)n-spaces. Using this iden-
tification we can define the standard complex coordinates (w1, . . . , wn)
on U . Their polar coordinates are given by wi = rie
√−1θi , i = 1, . . . , n.
As a set U is described as
U =M \ µ−1(F), F :=
⋃
F : facet of∆, 0/∈F
F.
The restriction of the Ka¨hler form ω on U can be expressed as
ω|U = 2
√−1∂∂ϕ,
where ϕ is a real-valued function defined on (R≥0)n (see [1], [4]). Then
the moment map µ : M → ∆ is represented as
µ(p) =
(
r1
∂ϕ
∂r1
, . . . , rn
∂ϕ
∂rn
)
(p) =: (x1, . . . , xn) = x.
Putting ui :=
√
2xi cos θi and vi :=
√
2xi sin θi, a straightforward cal-
culation yields
ω =
n∑
i=1
dui ∧ dvi =
n∑
i=1
dxi ∧ dθi, µ =
(
1
2
(u21 + v
2
1), . . . ,
1
2
(u2n + v
2
n)
)
on U . Thus (U, ω|U , µ|U) is isomorphic as Hamiltonian T n-spaces to
(V, ω0 |V , µ0 |V ), where V := µ
−1
0 (∆ \ F).
Now we are in a position to prove our second result.
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Proof of Theorem 6. Given a vector a ∈ Dn, according to Theorem 5
we can take a′ ∈ (R>0)n and φ ∈ Hamc(Cn, ω0) which satisfy
(3.3) φ(µ−10 (a)) = µ
−1
0 (a
′)
and
(3.4) Vol(µ−10 (a)) > Vol(µ
−1
0 (a
′)).
Then we choose a Hamiltonian isotopy {φtH}0≤t≤1 with φ1H = φ and
consider another one defined by
Cn → Cn, p 7→ √cφtH(p/
√
c)
for a constant c > 0. Since the map ϑ : p 7→ √c p is conformally
symplectic, we have
(3.5) ϑ ◦ φtH ◦ ϑ−1 = φtcHϑ,
where Hϑ(t, p) := H(t, ϑ
−1(p)) = H(t, p/
√
c). For the proof, see [5,
p. 152]. Moreover, we easily see from (3.3) and (3.5) that
φ1cHϑ(µ
−1
0 (ca)) = µ
−1
0 (ca
′)
and supp(c(Hϑ)t) = c supp(Ht). Hence, if we choose a constant ca > 0
sufficiently small, then supp(c(Hϑ)t) ⊂ V holds for any c ∈ (0, ca).
Using the action angle coordinates (x1, . . . , xn, θ1, . . . , θn) on U ex-
plained before, let us identify (U, ω|U , µ|U) with (V, ω0 |V , µ0 |V ), and
extend the Hamiltonian function cHϑ on U to M as
Hˆ(t, p) :=
{
cHϑ(t, p) , p ∈ U
0 , p ∈M \ U(= µ−1(F)).
Then Hˆ ∈ C∞c ([0, 1]×M) and hence we obtain
φ1
Hˆ
(µ−1(ca)) = µ−1(ca′).
In order to complete the proof of Theorem 6, we have to compare
the volumes of two flat tori µ−1(ca) and µ−1(ca′) with respect to the
induced metric from the toric manifold (M,ω, J).
In general, all ω-compatible toric complex structures on (M,ω) can
be parametrized by smooth functions on ∆◦, which is shown by Abreu
in [1, Section 2]. More precisely, we can choose a strictly convex func-
tion g ∈ C∞(∆◦) whose Hessian Hessx(g) describes the complex struc-
ture J on M . Moreover, the determinant of Hessx(g) is given by{
δ(x)
d∏
r=1
lr(x)
}−1
,
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where δ ∈ C∞(∆) is a strictly positive function (see [1, Theorem 2.8]).
Then the Riemannian metric of the fibre µ−1(x) ⊂ M of x ∈ ∆◦ is
given by the (n× n)-matrix (Hessx(g))−1, and hence
Vol(µ−1(ca))2 − Vol(µ−1(ca′))2
= (2pi
√
c)2n
{
δ(ca)
n∏
i=1
ai
d∏
r=n+1
lr(ca)− δ(ca′)
n∏
i=1
a′i
d∏
r=n+1
lr(ca
′)
}
holds. The value at c = 0 of the quantity of the inside of the brackets
above is
δ(0)
d∏
r=n+1
(−λr)
(
n∏
i=1
ai −
n∏
i=1
a′i
)
,
which is positive due to equation (3.4). Therefore, there exists a con-
stant da > 0 such that for any d ∈ (0, da)
Vol(µ−1(da))−Vol(µ−1(da′)) > 0
holds. Then the positive constant min{ca, da} fulfills all the required
properties. 
4. Remained open problems
Finally, let us discuss the remained part of Oh’s conjecture and add
some remarks. According to Theorem 5, the unsolved part of Conjec-
ture 4 is as follows.
Problem 11. Let a ≤ b and k = 1, 2, . . . n. Is a standard torus
T (a, . . . , a︸ ︷︷ ︸
k
, b, . . . , b︸ ︷︷ ︸
n−k
) in Cn Hamiltonian volume minimizing?
This problem had already been considered by Anciaux in the case
where n = 2, and he gave a partial answer to it. More precisely, he
showed in [2, Main Theorem] that T (a, a) ⊂ C2 has the least volume
among all H-minimal Lagrangian tori of its Hamiltonian isotopy class.
However, this result does not imply that T (a, a) is Hamiltonian volume
minimizing in C2.
Next we turn to the case of complex projective space. In this case,
each Lagrangian torus constructed in Theorem 6 is the preimage of a
point ca ∈ ∆◦ located far away from the barycentre q of ∆. Its fibre
µ−1(q) ⊂ CP n is a minimal Lagrangian torus and called the Clifford
torus. Thus the following question raised by Oh is still open.
Problem 12 ([6], p. 516). Is the Clifford torus in CP n Hamiltonian
volume minimizing?
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We point out that Urbano proved that the only H-stable minimal
Lagrangian torus in CP 2 is the Clifford one (see [9, Corollary 2]).
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